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This study addresses the problem of arriving at transitive perfect colorings of a
symmetrical pattern P consisting of disjoint congruent symmetric motifs. The
pattern P has local symmetries that are not necessarily contained in its global
symmetry group G. The usual approach in color symmetry theory is to arrive at
perfect colorings of P ignoring local symmetries and considering only elements
of G. A framework is presented to systematically arrive at what Roth [Geom.
Dedicata (1984), 17, 99–108] defined as a coordinated coloring of P, a coloring
that is perfect and transitive under G, satisfying the condition that the coloring
of a given motif is also perfect and transitive under its symmetry group.
Moreover, in the coloring of P, the symmetry of P that is both a global and local
symmetry, effects the same permutation of the colors used to color P and the
corresponding motif, respectively.
1. Introduction
The theory of color symmetry was first introduced in the 1950s
by Shubnikov and has spawned research in different areas of
symmetry theory (Senechal, 1988). The study of color
symmetry uses several branches of mathematics, such as
algebra, discrete geometry and number theory. It has diverse
applications in the physical sciences, art and culture.
The notion of color groups, for example, is manifested in the
study of crystal structures (De Las Pen˜as & Basilio, 2004; De
Las Pen˜as & Felix, 2007; Laigo et al., 2009; Shubnikov &
Koptsik, 1974) and phase transitions (Kotsev & Rustamov,
1983). Lifshitz (1997) discussed the applications of color
symmetry to periodic and quasiperiodic crystals, including
magnetic point groups of quasicrystals. Bugarin et al. (2008,
2013), De Las Pen˜as & Bugarin (2011), De Las Pen˜as et al.
(2011) discussed Bravais colorings of planar modules asso-
ciated with quasicrystallographic and non-periodic structures.
There are also several applications on projections for crystal
structure determination (Koptsik, 1975), twinning (Holser,
1961), magnetic structures (Kopsky, 2015; Litvin, 2014) and
ferroelectric structures (Shuvalov & Belov, 1962). Color
symmetry was used to come up with geometric models of
nanotubes (De Las Pen˜as, Loyola et al., 2014; Loyola et al.,
2012) and nanotori (Loyola et al., 2015), and was used as a
method to arrive at crystallographic origami (De Las Pen˜as et
al., 2015; Taganap et al., 2014). In art and culture, studies
pertaining to color repetition have been carried out in the
study of San Ildefonso pottery designs (Crowe & Washburn,
1985), sandals of the Basketmaker and Pueblo peoples
(Campbell, 1989; Teague & Washburn, 2013), Moorish
ornaments (Gru¨nbaum et al., 1986) and Peruvian textiles
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(Washburn, 1986). Amiraslan & Necefoglu (2006) discussed
Azerbaijani tessellations which display rich and interesting
notions of color symmetry. Other studies on color symmetry of
cultural objects have been reported by Makovicky (1986, 2011,
2015, 2016). Most recently, De Las Pen˜as et al. (2014a,b, 2018)
examined the existence of color symmetries in Philippine mats
and textiles.
One of the problems in color symmetry is the classification
and enumeration of colored symmetrical patterns. Several
papers in the literature are dedicated to addressing this
problem (see De Las Pen˜as et al., 1999a,b, 2006; Evidente,
2012; Felix & Junio, 2015; Loeb, 1978; Schwarzenberger, 1984;
Senechal, 1979 and references therein). In these studies, colors
are added to different elements of the pattern (e.g. tiles, edges
or vertices of a tiling) ignoring possible local symmetries, and
considering only the action of the pattern’s symmetry group
(or its subgroup) on the set of colors.
Roth (1984) presented a theory of local color symmetry and
introduced the idea of a ‘coordinated coloring’ of a symme-
trical pattern, where the coloring possesses at least one non-
identity symmetry that effects the same permutation of the
colors both as a global and local color symmetry. He discussed
obtaining a coordinated coloring of a symmetrical pattern
consisting of disjoint congruent motifs, where the pattern may
possess local symmetries that are not global symmetries. He
focused on a few examples of coordinated colorings of
patterns where a region that is assigned a color has as
stabilizer the identity in the symmetry group of the pattern
or motif. A method to arrive at these colorings was not
provided.
This study contributes to the growing body of literature in
color symmetry theory by continuing the work started by Roth
(1984) on local color symmetry theory. We present a
systematic method to arrive at coordinated colorings of a more
general class of symmetrical patterns, to include patterns
wherein the region that is assigned a color has non-identity
symmetries. To arrive at this method, an analysis of the
properties of coordinated colorings is carried out in detail,
including a characterization of the relations between global
and local color symmetries of symmetrical patterns.
In addition to its numerous applications to other disciplines
– chemistry, physics, culture – color symmetry continues to
play a role in the larger area of symmetry theory. In crystal-
lography one of the possible applications is in crystal
engineering – in the engineering of a building block towards
the design of crystalline solids with predefined and desired
aggregation of molecules and ions adhering to local and global
symmetry properties. Another is in the fragmentation of
crystals into domain structures, satisfying local and global
symmetry properties. What remains as a challenging problem
in symmetry theory is the understanding of the relation of
global and local order, and to date it has transcended notions
of periodic and crystal structures, to monoperiodic, non-
periodic and highly ordered structures. Color symmetry theory
and the techniques that have been developed through the
years are intended to help clarify this relation. Here we
address the relation of global and local color symmetry, hoping
it can clarify particular questions on levels of symmetry and
order, with regards to periodic structures.
The organization of this paper is as follows. In Section 2, we
give preliminary notions on color symmetry used in the paper.
In Section 3 we present the class of symmetrical patterns
considered in this work and discuss global and local symme-
tries of symmetrical patterns. Section 4 defines coordinated
colorings and gives the setting for which coordinated colorings
of symmetrical patterns are considered. Section 5 discusses the
properties of coordinated colorings and provides the method
for obtaining coordinated colorings. Section 6 gives applica-
tions of the method to arrive at coordinated colorings of
planar patterns. Section 7 examines the chromatic/achromatic
properties of the symmetries and partial operations of a
coordinated coloring, and Section 8 gives a summary and
outlines the future direction of the work.
2. Preliminaries
Let X  E2 (Euclidean plane) be the set consisting of objects
to be colored. If S ¼ fC1;C2; . . . ;Cng is a set of n colors, then
an n-coloring of X is a surjective (or onto) map f : X! S.
Each object x 2 X is assigned a color f ðxÞ in S. The n-coloring
of X is given by the partition P ¼ fP1;P2; . . . ;Png of X where
two elements of X belong to the same set in P if and only if
they are assigned the same color. Each set Pi in the partition of
P is represented by a color.
Let G be the symmetry group of X, where G  Isom ðE2Þ,
the group of isometries in E2. An element of G that effects a
permutation of the colors in the n-coloring of X is called a
color symmetry. If all the elements of G are color symmetries,
then the coloring of X is called a perfect coloring.
The action of G on the set S of colors used in a perfect
n-coloring of X induces a homomorphism  : G ! AðSÞ
where AðSÞ is the group of permutations of colors in S. If
g 2 G, ðgÞ is the corresponding permutation of colors in S
induced by g, called the color permutation corresponding to g.
The homomorphism that results from the action ofG on S is
also referred to as a permutation representation  of G in S
(Roth, 1984).
A perfect coloring of X is transitive if the symmetry groupG
of X acts transitively on the set S ¼ fC1;C2; . . . ;Cng of colors
used in the coloring. That is, if Ca and Cb, a; b 2 f1; 2; . . . ; ng,
are any two colors in S, then there is an element in G that
sends Ca to Cb. Given a transitive perfect coloring of X with
colors coming from S, the homomorphism  that results from
the action of G on S is called a transitive permutation repre-
sentation.
Consider a symmetrical pattern P, which is a regular
hexagon divided into 12 regions, each of which has been
assigned a color from the set S = {b – blue, r – red, y – yellow},
to obtain the 3-coloring of P shown in Fig. 1(a). When
uncolored, the symmetry groupG ofP is the dihedral group of
order 12; G ffi 6mm generated by the 60 counterclockwise
rotation 6þ 2 G about the center of P with coordinates 0,0
(denoted by 6þ 0;0) and reflection m½100 with axis the hori-
zontal line passing through 0,0. Observe that the 3-coloring of
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P given in Fig. 1(a) is perfect. The rotational symmetry 6þ
sends blue to red, red to yellow, and yellow to blue. On the
other hand, the reflectionm½100 interchanges blue and red, and
fixes yellow. The action of G on the set S of colors induces a
permutation representation  where ð6þ 0;0Þ = (b r y) and
ðm½100Þ = (b r). This 3-coloring of P is a transitive perfect
coloring. It can be checked that, given any two colors, there is
a symmetry of G that sends these colors to each other. Fig.
1(b) shows a 6-coloring of P that is also perfect where the
regions in P have been assigned colors from the set S = {blue,
red, yellow, violet, pink, green}. However, this perfect coloring
is non-transitive. Note, for example, that there is no element of
G that sends the color pink to any of the colors blue, red or
yellow.
It can be observed that the regions that make up P in the
above example consist of two orbits under G. The kites make
up one G-orbit X1, and the trapezoids make up a second
G-orbit X2. In the transitive perfect coloring given in Fig. 1(a),
kites and trapezoids belonging to X1 and X2, respectively, are
assigned the same set of colors whereas in the non-transitive
perfect coloring presented in Fig. 1(b), the kites and trape-
zoids do not share a color.
In general, to obtain a transitive perfect n-coloring of a
symmetrical pattern P (or a set X consisting of objects to be
colored) where there is more than oneG-orbit of regions in P,
only one set of colors, say S ¼ fC1;C2; . . . ;Cng, is used to
color perfectly each and every G-orbit of regions (Gentuya &
Felix, 2013). Suppose there are p G-orbits of regions in P
given byXi, i ¼ 1; 2; . . . ; p. To color perfectly aG-orbitXi, we
use a subgroup J of G if it contains StabGðxiÞ =
fg 2 Gjgxi ¼ xig where xi 2 Xi. If color C1 is used to color xi,
then C1 is also used to color all the regions belonging to Jxi,
the J-orbit of xi. Then we use the same J in coloring perfectly
another G-orbit Xj of regions, j 2 f1; 2; . . . ; pg, j 6¼ i, provided
that J contains the stabilizer of a region xj 2 Xj and we will
also use the same color C1. Thus, color C1 is assigned to the
elements in Jxj. We have C1 assigned to the regions in
Jfxi; xjg ¼ Jxi [ Jxj. Continuing in the same manner in using
J to color all G-orbits, we have Jfx1; x2; . . . ; xpg
¼ Jx1 [ Jx2 [ . . . [ Jxp which will be assigned color C1 and
where StabGðxiÞ  J, xi 2 Xi, i ¼ 1; 2; . . . ; p. The n-coloring of
P or X is described by the partition P ¼ fgJTjg 2 Gg
¼ fg1JT; g2JT; . . . ; gnJTg ¼ g1JT [ g2JT [ . . . [ gnJT where
fg1; g1; . . . ; gng is a complete set of left coset representatives of
J in G, T ¼ fx1; x2; . . . ; xpg and each glJT in P is assigned the
color Cl, l ¼ 1; 2; . . . ; n.
Referring to the transitive perfect coloring given in Fig.
1(a), if we consider x1 2 X1 and x2 2 X2, the coloring is
obtained as follows. We have StabGðx1Þ ¼ f1id;m½110g and
StabGðx2Þ ¼ f1id;m½110g. Here 1id is the identity element, and
m½110 and m½110 refer to the reflections with axes the
diagonal lines passing through 0,0 as shown. A subgroup J
of G that contains f1id;m½110g and f1id;m½110g is J =
f1id; 2 0;0;m½110;m½110g = 2mm (dihedral group of order 4).
The left coset decomposition ofG with respect to J determines
the elements of P assigned with the same color. A complete
set of left coset representatives of J inG is f1id; 3þ 0;0; 3	 0;0g.
The elements 3þ and 3	 are 120 counterclockwise and
clockwise rotations about the coordinates 0,0, respectively. We
assign the respective colors blue, red and yellow to JT, 3þJT
and 3	JT where T ¼ fx1; x2g. The transitive 3-coloring of P is
described by the partition JT [ 3þJT [ 3	JT.
3. Local and global color symmetries of a symmetrical
pattern
We first describe the class of symmetrical patterns under
consideration in this study. Consider a symmetrical pattern P
consisting of disjoint congruent copies of a symmetrical
pattern M. We will refer to M and its congruent copies as
motifs of P. For two motifs M1;M2 to be congruent, we mean
there is g 2 Isom ðE2Þ such that M2 ¼ gM1. The symmetry
group G of P will be referred to as the global symmetry group
of P and its elements are called global symmetries of P. We
assume G acts transitively on the motifs so we may write P as
P ¼ [g2GgM. Note that we assume M ¼ eM, where e is the
identity in G. The pattern P  E2 here is assumed to be
periodic, that is there is a nonzero vector z 2 E2 such that
P þ z ¼ P.
As will be verified in the proposition below, if K is the
symmetry group of the motifM of P, then the symmetry group
of another motif gMðg 2 GÞ of P is gKg	1. The group
gKg	1 ¼ fgkg	1 : k 2 Kg (called the conjugate of K by g) is
called a local symmetry group of P and its elements are called
local symmetries of P.
Note that G; gKg	1  Isom ðE2Þ, so the operation in G or
gKg	1 is a composition of isometries. If 1, 2 2 G or gKg	1
then ð1  2ÞðxÞ ¼ 1ð2ðxÞÞ.
Proposition 3.1. If K is the symmetry group of the motif M
of P, then the symmetry group of another motif gMðg 2 GÞ of
P is gKg	1.
Proof. Suppose K is the symmetry group of the motif M.
Now for a motif gM of P and ’ 2 Isom ðE2Þ (group of
isometries of the Euclidean plane), ’ðgMÞ ¼ gM if and only if
ðg	1’gÞM ¼ M if and only if g	1’g 2 K or ’ 2 gKg	1. &
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Figure 1
(a) Transitive and (b) non-transitive perfect colorings of the hexagonal
pattern P.
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In the symmetrical pattern P under consideration, a motif
may contain symmetries that are not elements of G, as will be
seen in the following example.
Fig. 2 presents a frieze pattern P1 consisting of disjoint
congruent copies of the square M. The squares are the motifs
of P1. The symmetry group of M is K = h4þ 0;0; m½10i ffi 4mm
(dihedral group of order 8) where 4þ is the 90 counter-
clockwise rotation at the center ofM with coordinates 0,0, and
m½10 is the reflection with axis the horizontal line passing
through 0,0. The global symmetry group of P1 is G =
h2 0;0;m½10;m½01; zð1; 0Þi ffi p2mm, where 2 is the 180
counterclockwise rotation about the coordinates 0,0, m½01 is
the reflection with axis the vertical line passing through 0,0,
and zð1; 0Þ is the translation with vector (1, 0). The elements of
G are called the global symmetries of P1. The symmetry group
of a motif gMðg 2 GÞ is gKg	1 ffi 4mm. For example, the
symmetry group of the motif zM is zKz	1 = h4þ 1;0;m½10i ffi
4mm where the 90 counterclockwise rotation 4þ has center
located at the center of zM with coordinates 1,0. The elements
of K and zKz	1 are among the local symmetries of P1.
It can be observed that some of the elements of K, such as
the 90 rotations 4þ 0;0, 4	 0;0, and the reflections m½11 and
m½11 with axes the diagonal lines passing through 0,0, are not
elements of G. That is, some of the local symmetries of P1 are
not global symmetries of P1. In this paper, we will look closely
at symmetrical patterns such as this, patterns that have local
symmetries that are not global symmetries.
4. Coordinated colorings of a symmetrical pattern
This section describes the setting in obtaining coordinated
colorings. Consider a symmetrical pattern P with symmetry
group G consisting of disjoint congruent motifs gM ðg 2 GÞ.
Suppose each motif gM is divided into r congruent regions. We
assume that each gM is partitioned such that its symmetry
group gKg	1 acts transitively on these regions. We may write
gM as gm1 [ gm2 [ . . . [ gmr and P as [g2G[rj¼1gmj. We now
construct an n-coloring of P such that each region gmj is to be
given a color from a set S ¼ fC1;C2; . . . ;Cng of n colors. The
n-coloring of P defines a surjective function f : P ! S which
assigns to each gmj a color f ðgmjÞ 2 S.
In this n-coloring of P, we make several assumptions. First,
we assume that the n-coloring of P is perfect, that is, every
element of G permutes the colors of the n-coloring. We also
assume that G acts transitively on S, the set of colors in the
n-coloring. Moreover, in a motif of P, given by gM, we assume
we have a perfect coloring where every element of gKg	1
permutes the colors in Sg 
 S, the colors used in the coloring
of gM. It follows that gKg	1 acts transitively on Sg since gKg
	1
acts transitively on fgm1; gm2; . . . ; gmrg. Consequently, there
exists a transitive permutation representation  of G on S and
a transitive permutation representation g of gKg
	1 on Sg. In
this sense, we are considering a perfect and transitive coloring
of P such that each motif gM is also colored perfectly and
transitively with respect to its symmetry group gKg	1. The
elements of G are called global color symmetries of P and the
elements of gKg	1 ðg 2 GÞ are called local color symmetries
of P.
If g 2 G \ gKg	1, then g is both a global and a local color
symmetry of P. As a global color symmetry, ðgÞ is the color
permutation corresponding to g and as a local color
symmetry, gðgÞ is the color permutation corresponding to g.
We will assume that as a global symmetry and as a local
symmetry, g effects the same permutation of the colors in the
coloring of P and gM, respectively. This means that
ðgÞjSg ¼ gðgÞ. Note that, in general, not all colors in S are
used to color the motif gM. So that in considering color
permutations of g as a global and local symmetry we restrict
ðgÞ to colors in Sg [we write this as ðgÞjSg ]. We now state
formally the definition of a coordinated coloring of P as
follows.
Definition 4.1. Consider a symmetrical pattern given by
P ¼ [g2G[rj¼1gmj with symmetry group G. Suppose each
motif gM ðg 2 GÞ has symmetry group gKg	1. Consider an
n-coloring of P given by f : P ¼ [g2G[rj¼1gmj ! S where
S ¼ fC1;C2; . . . ;Cng is a set of n colors and each gmj is
assigned a color f ðgmjÞ 2 S. Then the n-coloring is coordinated
if there exists a transitive permutation representation  of G
on S and a transitive permutation representation g of gKg
	1
on Sg (set of colors in gM) such that ðgÞjSg ¼ gðgÞ for all
g 2 G \ gKg	1.
To illustrate a coordinated coloring of a symmetrical
pattern, consider the frieze pattern P1 given in Fig. 2 and
suppose each square motif is divided into four congruent
isosceles triangles. A 4-coloring of P1 is shown in Fig. 3 where
an isosceles triangle is assigned a color from the set S = {b –
blue, y – yellow, r – red, g – green}. The triangles in each motif
are given two colors: either blue and red, or yellow and green.
Every element of G ¼ h2 0;0;m½10;m½01; zð1; 0Þi ffi p2mm
permutes the colors in the 4-coloring of P1. As a result of the
action of G on S we obtain the permutation representation 
where ðm½10Þ ¼ ðbÞ, ðm½01Þ ¼ ðy gÞ and ðzÞ ¼ ðb y r gÞ. It
can be checked that given two colors in S, there exists an
element in G that sends the colors to each other. Thus, G acts
transitively on S. We also note that in this coloring, every
element of gKg	1 permutes the colors assigned to the triangles
research papers
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Figure 2
A frieze pattern P1 with global symmetry group G ffi p2mm and
symmetry group of the motif gM (g 2 G) given by gKg	1 ffi 4mm.
Figure 3
A coordinated 4-coloring of a frieze pattern where each motif is given two
colors.
electronic reprint
in the motif gM. Some examples include: every element
of K ¼ h4þ 0;0;m½10i ffi 4mm permutes the colors in
S1 ¼ fblue; redg, the set of colors used in the coloring of the
motif labeled M giving rise to the permutation representation
1 where 1ð4þÞ ¼ ðb rÞ and 1ðm½10Þ ¼ ðbÞ; every element of
zKz	1 ¼ h4þ 1;0;m½10i ffi 4mm permutes the colors in
Sz ¼ fyellow; greeng, the set of colors used in the coloring of
the motif zM resulting in the color permutations
zð4þÞ ¼ ðy gÞ and zðm½10Þ ¼ ðbÞ.
It can be checked that for g 2 G \ gKg	1, we have
ðgÞjSg = gðgÞ. Note for example that G \ K = f1id; 2 0;0;
m½10;m½01g. We obtain the following: ð2 0;0ÞjS1id = 1idð2 0;0Þ =ðbÞ, ðm½10ÞjS1id = 1idðm½10Þ = ðbÞ and ðm½01ÞjS1id = 1ðm½01Þ =ðbÞ. Also, G \ zKz	1 = f1id; 2 1;0;m½10;m½01 1;0g. Note that
2 1,0 and m½01 1;0 are, respectively, the 180
 rotation about
the coordinates 1,0, the center of zM and reflection with axis
the vertical line passing through 1,0. We have ð2 1;0ÞjSz =
zð2 1;0Þ = ðyÞ, ðm½10ÞjSz = zðm½10Þ = ðbÞ and ðm½01 1;0ÞjSz =
zðm½01 1;0Þ = ðyÞ. The 4-coloring shown in Fig. 3 is a coordi-
nated 4-coloring.
5. Framework for obtaining coordinated colorings of a
symmetrical pattern
In this section, a method will be presented for obtaining
coordinated n-colorings of a symmetrical pattern P =
[g2G[rj¼1gmj where a region gmj in P is given a color from a
set S of n colors. We first discuss every component that comes
into a coordinated coloring of P and characterize this
completely.
The following result from Evidente (2012) will be helpful in
our discussion.
Theorem 5.1. (Evidente, 2012) Let X be a set and suppose
G is a group that acts transitively on X.
(i) If fP1;P2; . . . ;Png is a coloring of X for which elements
of G permute the colors, then for every x 2 X there exists
H  G such that StabG ðxÞ  H, and the coloring is
described by the partition fgHxjg 2 Gg.
(ii) Let x 2 X and H  G such that StabG ðxÞ  H and
½G : H ¼ n<1. Then the partition fgHxjg 2 Gg is an
n-coloring of X for which elements of G permute the colors.
We now characterize the colorings of the motifs in a coor-
dinated coloring of P. We have the following result.
Theorem 5.2. Consider a coordinated coloring of P where a
coloring of the motifM has n colors. Then for every region m
inM there exists L  K, ½K : L ¼ n such that StabKðmÞ  L,
and the coloring of M is described by the partition Q =
fkLmjk 2 Kg. Moreover, the coloring of gM ðg 2 G; g 6¼ eÞ is
described by the partition Qg = fk0ðgLg	1Þm0jk0 2 gKg	1g,
StabgKg	1 ðm0Þ  gLg	1, m0 = gm 2 gM, ½gKg	1 : gLg	1 = n.
Proof. It can be recalled that in a coordinated coloring of P
the elements of the symmetry group K of the motif M act
transitively on the regions in M and the elements of K
permute the colors of the coloring of M. Suppose a coloring
of M has n colors. Then from Theorem 5.1(i), for every
region m in M there exists L  K, ½K : L = n such
that StabKðmÞ  L, and the coloring is described by the
partition Q = fkLmjk 2 Kg. Now corresponding to gM
we have the partition Qg = gQ = gfkLmjk 2 Kg =
fgkg	1gLg	1gmjk 2 Kg = fk0ðgLg	1Þm0jk0 2 gKg	1g where m0
= gm 2 gM, ½gKg	1 : gLg	1 = n. If StabKðmÞ  L then we
obtain gðStabKðmÞÞg	1  gLg	1. It follows that StabgKg	1 ðm0Þ =
gðStabKðmÞÞg	1  gLg	1. &
The above result describes the coloring of the motif M and
the consequent coloring of the motif gM. The theorem tells us
that if we have a perfect n-coloring of M where the elements
of K permute the colors, then we also have a perfect n-
coloring of gM where the elements of gKg	1 permute the
colors.
Now, the coordinated coloring of P satisfies the condition
that the elements of the symmetry group G of P permute the
colors of the coloring and G acts transitively on the set S of
colors used to color P. Suppose G forms p orbits of regions,
Xi, i ¼ 1; 2; . . . ; p in P. To realize a transitive perfect coloring
of P, each G-orbit of regions Xi is colored perfectly using the
set S of n colors. This means that the G-orbits of regions in P
will share the same colors. The following theorem char-
acterizes the partition that describes the transitive perfect
colorings of P.
Theorem 5.3. Suppose G forms p orbits of regions Xi,
i ¼ 1; 2; . . . ; p in P.
(i) Consider an n-coloring of P for which elements of G
permute the colors and G is transitive on the colors; then for
every region xw in P (xw 2Xw, w 2 f1; 2; . . . ; pg), there exists a
JG, ½G : J= n and the coloring is described by the partition
P = fglJTjl ¼ 1; 2; . . . ; ng where T = fx1; x2; . . . ; xw; . . . ; xpg, xi
2 Xi with StabGðxiÞ  J, i = 1; 2; . . . ; p and fg1 = e; g2; . . . ; gng
is a complete set of left coset representatives of J in G.
(ii) Let J  G such that ½G : J ¼ n<1 satisfying the
condition that a conjugate of StabGðxiÞ is contained in J,
xi 2 Xi, i ¼ 1; 2; . . . ; p. Then the partition P ¼ fgJTjg 2 Gg
where T ¼ fx01; x02; . . . ; x0pg is a set of G-orbit representatives
from each Xi such that StabGðx0iÞ  J is an n-coloring of P for
which elements of G permute the colors and G is transitive on
the colors.
Proof. (i) Consider an n-coloring of P for which elements of
G permute the colors and G is transitive on the colors. Let the
n-coloring of P be given by the partition fP1;P2; . . . ;Png. Let
xw 2 P. Assume xw 2 Xw, w 2 f1; 2; . . . ; pg. Suppose P1 is
assigned the color of xw. Let J ¼ StabGðP1Þ. If g 2 StabGðxwÞ
then gxw ¼ xw 2 P1. But g permutes the colors so gP1 ¼ P1. It
follows that g 2 J ¼ StabGðP1Þ. Hence, StabGðxwÞ  J. Now G
is transitive on the colors, so the G-orbits of regions share
colors. This implies that for each i 2 f1; 2; . . . ; pg, i 6¼ w, we
can also find xi 2 Xi having the same color as xw. We can show
using a similar argument that StabGðxiÞ  J.
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Let T = fx1; x2; . . . ; xw; . . . ; xpg. Now, Jx1 [ Jx2 [ . . . [ Jxw
[ . . . [ Jxp = Jfx1; x2; . . . ; xw; . . . ; xpg = JT 
 P1.
We now show P1 
 JT. Consider x 2 P1. Note that x 2 Xi,
i 2 f1; 2; . . . ; pg. Consider xi 2 Xi \ T. Since x and xi are
elements of the sameG-orbit of regions in P, which is Xi, then
there exists g 2 G such that x ¼ gxi. Since x; xi 2 P1 and g
permutes the colors, we have gP1 ¼ P1. Then g 2 J so
x ¼ gxi 2 Jfx1; x2; . . . ; xw; . . . ; xpg ¼ JT . Thus P1 ¼ JT.
Consider another color P2 and x
0 2 P2. Then x0 2 Xi0 ,
i0 2 f1; 2; . . . ; pg. Consider xi0 2 Xi0 \ T: Now x0 and xi0 are
elements of Xi0. Then there exists g2 2 G such that x0 ¼ g2xi0 .
Since g2 permutes the colors, then P2 ¼ g2P1 or P2 ¼ g2JT. In
this case g2 2 G n J; otherwise g2P1 ¼ P1 and we have a
contradiction. We can continue using the same argument to
show there exists g3 2 G n ðJ [ g2JÞ such that P3 ¼ g3JT and
so on, until we have gn 2 G n ðJ [ g2J [ . . . [ gn	1JÞ such that
Pn ¼ gnJT.
Conversely, suppose g2 2 G n J. Now g2 permutes the colors
so that g2JT = g2P1 = Pl for some l 2 f2; 3; . . . ; ng. Assume
g2P1 = P2. Now if we take g3 2 G n ðJ [ g2JÞ, we have g3JT =
g3P1 = Pl for some l 2 f3; 4; . . . ; ng and, in particular, g3P1 =
P3. We continue in this manner until we obtain gnJT = gnP1 =
Pn where we have gn 2 G n ðJ [ g2J [ . . . [ gn	1JÞ. We then
have fP1;P2; . . . ;Png = fglJTjl ¼ 1; 2; . . . ; ng where fg1 =
e; g2; . . . ; gng is a complete set of left coset representatives of J
in G.
(ii) Let J  G such that ½G : J = n<1 satisfying the
condition that a conjugate of StabGðxiÞ is contained in J,
xi 2 Xi, i = 1; 2; . . . ; p, that is, gðStabGðxiÞÞg	1  J, g 2 G.
Consider x0i = gxi. This implies that StabGðx0iÞ  J. Let
T = fx01; x02; . . . ; x0pg. Form the partition P = fgJTjg 2 Gg =
JT [ g2JT [ . . . [ gnJT where fg1 = e; g2; . . . ; gng is a
complete set of left coset representatives of J in G. Consider
S = fC1;C2; . . . ;Cng, a set of n colors. To each set glJT in P,
assign the color Cl, l = 1; 2; . . . ; n. Consequently, P =
fgJTjg 2 Gg is an n-coloring of P for which elements of G
permute the colors and G acts transitively on the colors. &
In a coordinated coloring of P, a symmetry that is both a
global and local color symmetry effects the same permutation
of colors of P and the corresponding motif gM (assuming the
symmetry is an element of gKg	1), respectively. The next
result describes the relationship between the subgroups used
in the partitions describing the coloring of P and the coloring
of gM in a given coordinated coloring of P.
Theorem 5.4. Consider the coordinated n-coloring of
P given by the partition P = fP1;P2; . . . ;Png =
fglJTjl ¼ 1; 2; . . . ; ng where T = fx1; x2; . . . ; xpg, xi 2 Xi \ P1
(Xi a G-orbit in P), StabGðxiÞ  J = StabGðP1Þ, i = 1; 2; . . . ; p
and fg1 = e; g2; . . . ; gng is a complete set of left coset repre-
sentatives of the subgroup J in G. Then J \ gKg	1 = G \ L
where gKg	1 is the symmetry group of a motif gM containing a
region m 2 P1 and the coloring of gM is described by the
partition Qg = fk0Lmjk0 2 gKg	1g, StabgKg	1 ðmÞ  L and L =
StabgKg	1 ðP1Þ.
Proof. Consider a coordinated n-coloring of P. Assume the
n-coloring of P for which elements of G permute the colors
and G acts transitively on the colors is described by the
partition P ¼ fP1;P2; . . . ;Png ¼ fglJTjl ¼ 1; 2; . . . ; ng where
J ¼ StabGðP1Þ. Consider a motif gM of P containing a region
m 2 P1. Since we have a coordinated coloring, then the
coloring of gM is such that elements of its symmetry group
gKg	1 permute the colors. Then for m 2 gM there exists
L  gKg	1 such that StabgKg	1 ðmÞ  L and the coloring of gM
is described by the partition Qg ¼ fk0Lmjk0 2 gKg	1g. Now,
L ¼ StabgKg	1 ðP1Þ. It follows that J \ gKg	1 ¼ G \ L where
J \ gKg	1 ¼ StabðG\gKg	1ÞðP1Þ and G \ L ¼ StabðG\gKg	1ÞðP1Þ.
&
Theorem 5.5. Suppose the assumptions of Theorem 5.4 hold.
Then the number c of ðG \ LÞ-orbits of regions in an L-orbit
of regions in M given by Lm, where m 2 P1 \ gM ðg 2 GÞ and
L ¼ StabgKg	1 ðP1Þ, is equal to
jLjjStabðG\LÞðmÞj
jG \ LjjStabLðmÞj
:
Proof. Suppose there are c number of ðG \ LÞ-orbits of
regions in Lm, m 2 gM (g 2 G). Then Lm =
ðG \ LÞm [ ðG \ LÞm2 [ . . . [ ðG \ LÞmc where m;m2; . . . ;
mc are the ðG \ LÞ-orbit representatives of regions in
Lm, m2 =2 ðG \ LÞm; . . . ; mc =2 ðG \ LÞm [ ðG \ LÞm2 [ . . .[
ðG \ LÞmc	1. We have
jLj
jStabLðmÞj
¼ jG \ LjjStabðG\LÞðmÞj
þ jG \ LjjStabðG\LÞðm2Þj
þ    þ jG \ LjjStabðG\LÞðmcÞj
(Hungerford, 1974). Observe that jStabðG\LÞðmÞj =
jStabðG\LÞðm2Þj = . . . = jStabðG\LÞðmcÞj since StabðG\LÞðmvÞ =
k0ðStabðG\LÞðmÞÞk0	1 where mv = k0m for some k0 2 gKg	1,
v = 2; 3; . . . ; c. Thus,
jLj
jStabLðmÞj
¼ cjG \ LjjStabðG\LÞðmÞj
and so
c ¼ jLjjStabðG\LÞðmÞjjG \ LjjStabLðmÞj
:
&
Corollary 5.6. If StabgKg	1ðmÞ ¼ feg in Theorem 5.5, then
the number c of ðG \ LÞ-orbits of regions in Lm where
m 2 P1 \ gM ðg 2 GÞ and L ¼ StabgKg	1ðP1Þ is equal to
½L : G \ L.
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Theorem 5.7. Suppose the assumptions of Theorem 5.4 hold.
Then the number c of ðG \ LÞ-orbits of regions in Lm where
m 2 P1 \ gM ðg 2 GÞ and L ¼ StabgKg	1 ðP1Þ divides p, the
number of G-orbits of regions in P.
Proof. Consider a coordinated n-coloring of P described by
the partition P ¼ fP1;P2; . . . ;Png ¼ fglJTjl ¼ 1; 2; . . . ; ng
where J ¼ StabGðP1Þ. Suppose the number of G-orbits of
regions in P is p. We prove the result by constructing the set T
consisting of a complete set ofG-orbit representatives that will
yield the given coordinated coloring. (Note that T consists of
J-orbit representatives.) We first consider a motif M of P with
symmetry group K containing a region m1 2 P1. Consider
L1 ¼ StabKðP1Þ. Construct T1, a complete set of ðG \ L1Þ-
orbit representatives in a L1-orbit of regions in M, where the
perfect coloring of M is described by the partition
Q ¼ fkL1m1jk 2 Kg, StabKðm1Þ  L1. Suppose jT1j ¼ c. If
c ¼ jT1j ¼ jTj ¼ p, then we take T ¼ T1 and the conclusion
follows.
Suppose c ¼ jT1j< p. To complete the set of G-orbit
representatives that will make up a possible composition of T,
we consider another motif g2M ofP, g2 6¼ e, g2 =2 J containing a
region m2 2 P1. Consider L2 ¼ Stabg2Kg2	1 ðP1Þ. Now construct
T2, a complete set of ðG \ L2Þ-orbit representatives in a L2-
orbit of regions in g2M, where the perfect coloring of g2M is
described by the partition Qg2 ¼ fk0L2m2jk0 2 g2Kg2	1g,
Stabg2Kg2	1 ðm2Þ  L2. Since L2 ¼ g0L1g0	1, g0 2 G thus, we
have jT2j ¼ jT1j ¼ c. If 2c ¼ p, then T ¼ T1 [ T2 and the
conclusion is true.
If 2c< p, we continue the process. We keep taking a motif
gqM of P, gq 6¼ e, containing a region mq 2 P1, q = 3, 4, . . . , d
to form T1 [ T2 [ . . . [ Td where Tq is the complete set
consisting of ðG \ LqÞ-orbit representatives in a Lq-orbit of
regions in gqM, gq =2 J, jTqj ¼ c. The perfect coloring of gqM is
described by the partition Qgq ¼ fk0Lqmqjk0 2 gqKgq	1g,
StabgqKg	1q ðmqÞ  Lq and Lq ¼ StabgqKgq	1ðP1Þ. Again, if
cd ¼ p then T ¼ T1 [ T2 [ . . . [ Td and the conclusion is
true.
Now suppose T ¼ T1 [ T2 [ . . . [ Td	1 [ T where jTj ¼ r,
r< c, Td  T. That is, the number p ofG-orbit representatives
is such that p ¼ cðd	 1Þ þ r. Let x 2 Td\T. Now x 2 Ldmd so
that x 2 P1. Then x 2 JT so we can write x ¼ jt,
t 2 T1 [ T2 [ . . . [ Td	1, j 2 J. Without loss of generality,
suppose t 2 T1  M. Then j sends a region t of color P1 in
M to a region x of color P1 in gdM. Since the element j

permutes the colors, j sends all the regions of color P1 inM to
regions of color P1 in gdM. The regions of color P1 in M are
the set ðG \ LÞT1, so we have jðG \ LÞT1  gdM. So that
jðG \ LÞT1 [ ðG \ LdÞT are regions of color P1 in gdM.
Clearly jjðG \ LÞT1 [ ðG \ LdÞTj> jðG \ LÞT1j. This is a
contradiction since all the regions colored P1 in each motif are
congruent. Thus p ¼ cd for some positive integer d. &
To clarify further the above result, we discuss the following
example where c does not divide p; in particular we have p ¼ 3
and c ¼ 2: Consider the frieze pattern P2 given in Fig. 4(a)
consisting of disjoint congruent equilateral triangles where
each equilateral triangle (motif) is divided into six congruent
right triangles. The symmetry group of P2 is G =
hm½01; zð1; 0Þi ffi p1m1 and the symmetry group of the motif
labeled M is K ¼ h3þ 0;0;m½01i ffi 3m (dihedral group of
order 6) where 3þ is the 120 counterclockwise rotation about
the coordinates 0,0, the center ofM, m½01 is the reflection with
axis the vertical line passing through 0,0 and zð1; 0Þ is the
translation with vector (1, 0). There are three G-orbits of
regions in P2: X1 (crosses), X2 (stripes) and X3 (dots) [Fig.
4(b)]. Suppose we construct a coordinated 3-coloring of P2
where three colors appear in each motif. We take L  K,
J  G, such that ½K : L ¼ 3 and ½G : J ¼ 3. Observe that
StabKðxÞ ¼ f1idg and StabGðxÞ ¼ f1idg for any region x, x in
M and P2, respectively. Thus, any choice of subgroups L of K
and J of G will satisfy StabKðxÞ  L and StabGðxÞ  J.
Consider L ¼ f1id;m½ ffiffi3p 1g ffi m (dihedral group of order 2)
where m½ ffiffi3p 1 is a reflection with axis the line that passes
through 0,0 as shown, and J ¼ hm½01 12 ; 0; z3ð3; 0Þi ffi p1m1
[where z3ð3; 0Þ is the translation with vector (3, 0) andm½01 12 ;0
is a reflection with axis the vertical line that passes through
1
2 ;0] which satisfies J \ K ¼ f1idg ¼ G \ L. Using the formula
in Corollary 5.6, we find that c ¼ jLj ¼ 2. Take the L-orbits
of regions in M and L-orbits of regions in zM, z =2 J
where L ¼ zkLðzkÞ	1 for some k 2 K. In particular, we let
L ¼ zLz	1. These are colored black, white and gray in Fig.
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(a) A frieze pattern P2 with global symmetry group G ffi p1m1 and
symmetry group of the motif gM (g 2 G) given by gKg	1 ffi 3m. (b) The
threeG-orbits of regions: X1 (crosses), X2 (stripes) and X3 (dots). (c) The
L-orbits of regions in M and zLz	1-orbits of regions in zM. (d) The
ðG \ LÞ-orbit representatives x1, x2 from the L-orbit of regions in M
colored black, and the ðG \ zLz	1Þ-orbit representatives x3, x4 from the
zLz	1-orbit of regions in zM colored white. (e) A coloring of P2.
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4(c). Now, we construct T ¼ T1 [ T. We have T1 ¼ fx1; x2g, a
complete set of ðG \ LÞ-orbit representatives in the L-orbit of
regions in M colored black, x1 2 X1, x2 2 X2 and T ¼ fx3g
where x3 is the ðG \ LÞ-orbit representative in the L-orbit of
regions in zM colored white, x3 2 X3. The set T2 ¼ fx3; x4g is a
complete set of ðG \ LÞ-orbit representatives in the L-orbit of
regions in zM colored white [see x1; x2; x3; x4 in Fig. 4(d)]. A
3-coloring of P2 is given by the partition P ¼ JT [ zJT [ z2JT
where JT, zJT and z2JT correspond, respectively, to P1 (blue),
P2 (red) and P3 (yellow).
Consider x4 2 T2\T. Since x4 2 Lx3 then x4 has the color
blue. Now x4 is the image of x2 under m½01
1
2 ;0, and m½01
1
2 ;0
fixes blue. Since m½01
1
2 ;0 permutes the colors then m½01
1
2 ;0
sends T1 (blue) also to ðm½01 12 ;0ÞT1 (blue). We have
ðm½01 12 ;0ÞT1 [ T as the set consisting of regions colored blue
in ðm½01 12 ;0ÞM with jðm½01 12 ;0ÞT1 [ Tj> jLT1j so the coloring
in ðm½01 12 ;0ÞM is not perfect under its symmetry group zKz	1.
In fact, we only get a 2-coloring in each motif, despite the fact
that ½K : L ¼ 3, which is a contradiction.
Taking into consideration the characteristics of a coordi-
nated coloring discussed previously, a method in arriving at a
coordinated n-coloring of P where we have an n-coloring in a
motif is given below.
(1) Determine the G-orbits of regions in P. Suppose there
are p number of G-orbits of regions in P, namely
X1;X2; . . . ;Xp.
(2) Choose a motif M in P with symmetry group K.
Consider L  K, ½K : L ¼ n satisfying StabKðxi Þ  L,
xi 2 Xi \M, i ¼ 1; 2; . . . ; p and where c divides p, c is the
number of ðG \ LÞ-orbits of regions in an L-orbit of regions
in M.
(3) Choose J  G, ½G : J ¼ n satisfying J \ K ¼ G \ L
such that for every i 2 f1; 2; . . . ; pg a conjugate of
StabGðxiÞ  J, xi 2 Xi.
(4) Form T ¼ fx1; x2; . . . ; xpg the set of all J-orbit repre-
sentatives xi from Xi satisfying StabGðxiÞ  J, i ¼ 1; 2; . . . ; p.
(i) Suppose p ¼ c. Form T ¼ fx1; x2; . . . ; xpg is a
complete set of ðG \ LÞ-orbit representatives from an L-orbit
of regions in M.
(ii) Suppose p ¼ cd, d> 1. Form T ¼ T1 [ T2 [ . . . [ Td
where T1 ¼ fx1; x2; . . . ; xcg is a set of ðG \ LÞ-orbit
representatives from an L-orbit of regions in M and
Tq ¼ fxðq	1Þcþ1; xðq	1Þcþ2; . . . ; xqcg; ðq ¼ 2; 3; . . . ; dÞ is a set of
ðG \ gqLg	1q Þ-orbit representatives from a gqLg	1q -orbit of
regions in gqM, gq =2 J.
(5) Consider fg1 ¼ e; g2; . . . ; gng, a complete set of left
coset representatives of J in G. Form the partition
P ¼ fglJTjg 2 Gg ¼ fJT; g2JT; . . . ; gnJTg.
(6) Let S ¼ fC1;C2; . . . ;Cng be a set of n colors. To each
glJT in P, assign the color Cl, l ¼ 1; 2; . . . ; n. Then
P ¼ fglJTjg 2 Gg describes the coordinated n-coloring of P.
Remark. In the above procedure we assume J \ K ¼ G \ L.
It follows that J \ gKg	1 ¼ G \ L where L ¼ ðgkÞLðgkÞ	1 for
some k 2 K. Here J ¼ StabGðP1Þ and L ¼ StabgKg	1 ðP1Þ in the
n-coloring given by P ¼ fP1;P2; . . . ;Png.
We first give an application of the aforementioned frame-
work using step [4(i)]. Consider the frieze pattern P1 in Fig. 2
and suppose each motif is divided into eight congruent
triangles. We discuss the construction of a coordinated
4-coloring of the frieze pattern such that each motif is given
four colors. There are two G-orbits of regions in P1: X1
(stripes) and X2 (dotted) shown in Fig. 5(a). We pick L such
that ½K : L ¼ 4, and J such that ½G : J ¼ 4. We have
StabKðxÞ ¼ f1idg and StabGðxÞ ¼ f1idg for any region x, x in
M and P1, respectively. Any choice of subgroups L of K and J
of G will satisfy StabKðxÞ  L and StabGðxÞ  J. We choose
L ¼ f1id;m½11g ffi m (m½11 is a reflection with axis the diagonal
line passing through 0,0 as shown). We obtain G \ L ¼ f1idg
and c ¼ ½L : G \ L ¼ 2 ¼ p. We pick our G-orbit repre-
sentatives from M.
Now we consider J ¼ hg½10ð1; 0Þi ffi p11g  G where
g½10ð1; 0Þ is a glide reflection with axis the horizontal line
passing through 0,0 with glide vector (1, 0), ½G : J ¼ 4 so that
J \ K ¼ f1idg ¼ G \ L. We now obtain T as follows: first, we
determine the four L-orbits of regions in M: the regions
colored black, gray, light gray and white [see Fig. 5(b)]. We
form T ¼ fx1; x2g, the set consisting of ðG \ LÞ-orbit repre-
sentatives from one particular L-orbit of regions where
x1 2 X1 and x2 2 X2. In particular, we take x1, x2 from the
L-orbit of regions in M colored black [Fig. 5(b)].
Let f1id; 2 0;0;m½10;m½01g be a complete set of left
coset representatives of J in G. Form the partition
P ¼ JT [ 2JT [m½10JT [m½01JT and assign blue, red, yellow
and green to JT, 2JT; m½10JT and m½01JT, respectively. Then
we obtain the coordinated 4-coloring of the frieze pattern
shown in Fig. 5(d). Note that the coloring of M is described
by Q ¼ Lx1 [ 2Lx1 [m½10Lx1 [m½01Lx1 where Lx1, 2Lx1,
m½10Lx1 and m½01Lx1 are assigned the colors blue, red,
yellow and green, respectively. In this example, we have
ðJ \ KÞT ¼ ðG \ LÞT ¼ Lx1.
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(a) The two G-orbits of regions: X1 (stripes) and X2 (dotted). (b) The
L-orbits of regions in M. (c) The ðG \ LÞ-orbit representatives x1 and x2
from the L-orbit of regions in M colored black. (d) A coordinated
4-coloring of the frieze pattern where each motif is given four colors.
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As a second example, we explain how to arrive at the
coordinated 4-coloring of the frieze pattern shown in Fig. 3,
where each motif is given two colors using step [4(ii)]. We start
with the uncolored frieze pattern P1 in Fig. 2, and assume each
square motif is divided into four congruent isosceles triangles.
There are two G-orbits of regions in P1: X1 (stripes) and X2
(dotted) which we present in Fig. 6(a). We pick G-orbit
representatives in M, namely x1 2 X1 \M and x2 2 X2 \M.
Note that we have StabKðx1Þ ¼ f1id;m½01g ffi m and
StabKðx2Þ ¼ f1id;m½10g ffi m, where m½01 and m½10 are
reflections with axes the vertical and horizontal lines
passing through 0,0, respectively. Our choice of L is
L ¼ f1id; 2;m½10;m½01g ffi 2mm, where ½K : L ¼ 2. This is an
appropriate choice since StabKðx1Þ  L and StabKðx2Þ  L.
With this choice of L, we haveG \ L = f1id; 2;m½10;m½01g ¼ L
and c ¼ ð4Þð2Þ=ð4Þð2Þ ¼ 1 which divides p ¼ 2. We choose
J ¼ hm½10;m½01; z4ð4; 0Þi ffi p2mm, ½G : J ¼ 4 (to obtain a
4-coloring) satisfying J \ K ¼ G \ L. We confirm the
suitability of the subgroup J by noting that StabGðx1Þ =
f1id;m½01g  J and StabGðx2Þ ¼ f1id;m½10g  J.
Next, we form the set T. Since c ¼ 1 and p ¼ 2, then we
obtain T by selecting one G-orbit representative from each of
the motifs M and z2M, z2ð2; 0Þ =2 J. We first consider the
L-orbits of regions inM and ðz2Lz	2Þ-orbits of regions in z2M
[Fig. 6(b)]. Then we form T ¼ T1 [ T2 with T1 ¼ fx1g,
x1 ¼ x1 2 X1, a ðG \ LÞ-orbit representative from the L-orbit
of regions in M colored black and T2 ¼ fx2g, x2 2 X2, a
ðG \ z2Lz	2Þ-orbit representative from the ðz2Lz	2Þ-orbit of
regions in z2M colored gray [Fig. 6(c)].
Consider f1id; zð1; 0Þ; z2ð2; 0Þ; z3ð3; 0Þg, a complete set of
left coset representatives of J in G. The coordinated 4-
coloring of P in Fig. 3 is determined by the partition
P ¼ JT [ zJT [ z2JT [ z3JT where the colors blue, yellow,
red and green are assigned to JT, zJT, z2JT and z3JT,
respectively. In this coloring of P, each motif is given two
colors. The coloring of M, for example, is described by Q =
Lx1 [ 4þLx1 where Lx1 and 4þLx1 are given the colors blue
and red, respectively. We have Lx1 = ðG \ LÞT1 = ðJ \ KÞT1.
The next theorem describes the situation where elements of
G \ gKg	1 (symmetries that are both global and local color
symmetries) act transitively on the colors in the motif
gMðg 2 GÞ.
Theorem 5.8. Suppose the assumptions of Theorem 5.4 hold.
Assume the number c of ðG \ LÞ-orbits of regions in Lm
where m 2 P1 \ gMðg 2 GÞ and L ¼ StabgKg	1 ðP1Þ is equal to
p, the number of G-orbits of regions in P. Then G \ gKg	1
acts transitively on the colors used in coloring gM.
Proof. Suppose T consists of a complete set of ðG \ LÞ-
orbit representatives in Lm where m 2 P1 \ gM (g 2 G) and
L = StabgKg	1 ðP1Þ. Assume jTj = c. Since c = p then T
consists of a complete set of ðG \ gKg	1Þ-orbit representatives
in gM or, equivalently, this meansG \ gKg	1 forms p orbits of
regions in gM. Since StabgKg	1 ðP1Þ = L then StabðG\gKg	1ÞðP1Þ
= G \ L  G \ gKg	1. Then the partition Q =
fkðG \ LÞTjk 2 ðG \ gKg	1Þg where T = fx1; x2; . . . ; xpg is a
set of ðG \ gKg	1Þ-orbit representatives from each Xi such
that StabðG\gKg	1Þðxi Þ  ðG \ LÞ is a coloring of gM for which
elements of G \ gKg	1 permute the colors and G \ gKg	1 is
transitive on the colors. &
For the coordinated 4-coloring shown in Fig. 5(d), G \ K =
f1id; 2;m½10;m½01g ffi 2mm permutes the colors in S1 and
G \ K is transitive on the four colors in S1. For any two colors,
there is an element ofG \ K that sends one color to the other.
In this example we have G \ L = f1idg where ½G \ K : G \ L
= 4. The coloring of M is described by the partition Q =
fkðG \ LÞTjk 2 Kg = T [ 2T [ m½10T [ m½01T where
f1id; 2;m½10;m½01g is a complete set of left coset representa-
tives of ðG \ LÞ in ðG \ KÞ and T = fx1; x2g is the set consisting
of ðG \ LÞ-orbit representatives in one L-orbit of regions inM
which also happen to be a complete set of ðG \ KÞ-orbit
representatives in M. It can also be verified in a similar
manner that G \ gKg	1 permutes the colors and is transitive
on the four colors in gM.
In Fig. 7, we show a coordinated 3-coloring of P2 where
G \ K does not act transitively on the colors used inM. In this
situation, G \ K ¼ f1id;m½01g ffi m. Observe that m½01 does
not send a region colored blue to a region colored yellow inM.
Thus, G \ K does not act transitively on the colors inM. Take
blue ðP1Þ, a color in M. We have StabKðP1Þ ¼ L ¼ f1id;m½01g.
Since ðG \ LÞ ¼ L then there is only one ðG \ LÞ-orbit of
regions in M, so c 6¼ p.
6. Examples of coordinated colorings of planar patterns
The following examples show coordinated colorings of planar
patterns. The first example presents the construction of coor-
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Figure 6
(a) The two G-orbits of regions: X1 (stripes) and X2 (dotted). (b) The
L-orbits of regions in M and z2Lz	2-orbits of regions in z2M. (c) The
ðG \ LÞ-orbit representative x1 from the L-orbit of regions in M colored
black and the ðG \ z2Lz	2Þ-orbit representative x2 from the z2Lz	2-
orbits of regions in z2M colored gray.
Figure 7
A coordinated 3-coloring of P2 where each motif is given three colors and
the elements of G \ gKg	1 do not permute the colors in gM.
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dinated 4-colorings of a planar pattern with global symmetry
group a plane crystallographic group p4mm having local
symmetries that include fivefold rotational symmetries that
are not global symmetries. The second example shows coor-
dinated 6-colorings of a planar pattern with global symmetry
group a plane crystallographic group p6mm having local
symmetries that include fourfold rotational symmetries that
are not global symmetries.
Consider a planar symmetrical pattern P3 consisting of
disjoint congruent copies of the regular pentagon M that is
divided into ten congruent regions [Fig. 8(a)]. The global
symmetry group of P3 is G = h4þ 0;0; m½10 0;0; z1ð1; 0Þ;
z2ð0; 1Þi ffi p4mm where 4þ is the 90 counterclockwise rota-
tion about the coordinates 0,0, the center of M, m½10 is the
reflection with axis the line passing through 0,0 as shown, and
z1ð1; 0Þ; z2ð0; 1Þ are two linearly independent translations with
respective vectors (1, 0), (0, 1). The symmetry group ofM is K
= h5þ 13;13;m½11i ffi 5m (dihedral group of order 10) where 5þ 13;13
is the 72 counterclockwise rotation about the coordinates
1
3;
1
3, the center ofM, andm½11 is the reflection with axis the line
passing through 0,0 as shown. We have StabKðxÞ = f1idg and
StabGðxÞ = f1idg for any region x, x inM and P3, respectively,
so any choice of subgroups L of K and J of G will satisfy
StabKðxÞ  L and StabGðxÞ  J. The group K ffi 5m has
subgroups of index 1, 2, 5 and 10. Since we want a 4-coloring of
P3, then the only choice for L is either a subgroup of index 1
or 2 in K. If L ¼ K, we obtain a trivial coloring of each motif.
To show non-trivial colorings of each motif we pick
L ¼ h5þi ffi 5 (cyclic group of order 5), the only subgroup of
index 2 inK. Observe thatG \ L ¼ f1idg. The list of subgroups
Ji with ½G : Ji ¼ 4, i ¼ 1; 2; . . . ; 14 satisfying Ji \ K =G \ L =
f1idg is presented in Table 1. These subgroups will yield
coordinated 4-colorings of P3 using the partition given, where
the colors blue, yellow, red and green are assigned, respec-
tively, to Ji, g2Ji, g3Ji and g4Ji, f1id; g2; g3; g4g a complete set of
coset representatives of Ji in G. The subgroups have been
obtained with the aid of the software Groups, Algorithms and
Programs (GAP) (The GAP Group, 2013).
There are five G-orbits of regions in P3: X1 (crosses), X2
(gray dotted), X3 (black dotted), X4 (stripes) and X5
(asterisks) [see Figs. 8(b) and Fig. 8(c) for the G-orbits of
regions in P3 and M, respectively]. Now from Corollary 5.6,
c ¼ jLj ¼ 5 and so c ¼ p, the number of G-orbits of
regions in P3. Thus the complete set of G-orbit representa-
tives will be formed by determining ðG \ LÞ-orbit repre-
sentatives from an L-orbit of regions in M. We form the two
L-orbits of regions in M, regions colored black and gray [see
Fig. 8(d)].
For the first set of colorings we use T ¼ fx1; x2; . . . ; x5g
consisting of ðG \ LÞ-orbit representatives from one parti-
cular L-orbit of regions colored black [Fig. 8(e)]. Consider
for example the subgroup J1 = hm½10 0;0; z1ð1; 0Þ; z2ð0; 1Þi ffi
p1m1. To color P3, we form the partition P = J1T [ 4þJ1T [
2J1T [ 4	J1T where f1id; 4þ 0;0; 2 0;0; 4	 0;0g is a complete
set of left coset representatives of J1 in G. We assign the
respective colors blue, yellow, red and green to J1T, 4
þJ1T,
2J1T and 4
	J1T resulting in the coordinated 4-coloring shown
in Fig. 9(1). To get the respective colorings in Fig. 9(2)–(14) we
use Ji, i = 2; 3; . . . ; 14 and T = fx1; x2; . . . ; x5g in the given
partition in Table 1, column 3.
research papers
Acta Cryst. (2019). A75, 730–745 Agatha Kristel Abila et al.  Local and global color symmetries 739
Figure 8
(a) A plane crystallographic pattern P3 with global symmetry group G = h4þ 0;0; m½10 0;0; z1ð1; 0Þ; z2ð0; 1Þi ffi p4mm and symmetry group of the motif
gM (g 2 G) given by gKg	1 ffi 5m. (b) The five G-orbits of regions: X1 (crosses), X2 (gray dotted), X3 (black dotted), X4 (stripes) and X5 (asterisks). (c)
The G-orbits of regions in M. (d) The L-orbits of regions in M. (e) The ðG \ LÞ-orbit representatives x1, x2, . . ., x5 from the L-orbit of regions in M
colored black; and the ðG \ LÞ-orbit representatives x01; x02; x03; x04; x05 from the L-orbit of regions in M colored gray.
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For the second set of colorings we get ðG \ LÞ-orbit
representatives from the L-orbit of regions colored gray [Fig.
8(e)] and form T 0 ¼ fx01; x02; x03; x04; x05g. Using the subgroups Ji
from Table 1 and replacing T in the given partition with T 0 we
get the other coordinated 4-colorings of P3, which are shown
in Fig. 9(15)–(28). For example, using the subgroup J1 =
hm½10; z1ð1; 0Þ; z2ð0; 1Þi ffi p1m1 of G, we obtain another
coordinated 4-coloring of P3, shown in Fig. 9(15), given by the
partition J1T
0 [ 4þJ1T 0 [ 2J1T 0 [ 4	J1T 0 where J1T 0, 4þJ1T 0,
2J1T
0, 4	J1T
0 correspond, respectively, to blue, yellow, red and
green.
For each of the coordinated 4-colorings of P3 shown in
Fig. 9, the group G \ gKg	1 acts transitively on the colors of
gM.
Some pairs of colorings in Fig. 9 are equivalent colorings.
Roth (1982) defines two colorings of a symmetrical pattern as
being equivalent if one of the colorings is obtained from the
other by (i) a bijection from S1 (set of colors used in the first
coloring) to S2 (set of colors used in the second coloring), or
(ii) a symmetry in the symmetry group G of the symmetrical
pattern, or (iii) a combination of (i) and (ii). In Fig. 9, the pairs
of colorings #2 and #16, #7 and #21, #8 and #22, #9 and #23, #11
and #25, #12 and #26 are equivalent. The second coloring in
any given pair can be obtained from the first by applying the
reflection m½11 with axis the diagonal line passing through 0,0
as shown.
We now illustrate a 6-coloring of the planar symmetrical
pattern P4 given in Fig. 10(a) consisting of disjoint congruent
copies of a motif, the symmetrical figure M, which is divided
into four congruent regions. The symmetry group of P4 is
G ¼ h6þ 0;0;m½10 0;0; z1ð1; 0Þ; z2ð0; 1Þi ffi p6mm where 6þ is
the 60 counterclockwise rotation about the coordinates 0,0,
m½10 is the reflection with axis the horizontal line passing
through 0,0, and z1ð1; 0Þ; z2ð0; 1Þ are two linearly independent
translations with respective vectors (1, 0), (0, 1). The symmetry
group of M is K ¼ h4þ 12 ;0;m½10i ffi 4mm where 4þ is the 90
counterclockwise rotation with center at the coordinates 12 ; 0,
the center of M.
Fig. 10(b) shows two G-orbits of regions in P4: X1 (stripes)
and X2 (dotted). We pick G-orbit representatives in M,
namely x1 2 X1 \M and x2 2 X2 \M [Fig. 10(c)]. We obtain
StabKðx1Þ ¼ f1id;m½10g ffi m and StabKðx2Þ ¼ f1id;m½12 12 ;0g
ffi m where m½12 12 ;0 is the reflection with axis the vertical line
passing through 12 ; 0. We first pick L  K. Note that K ffi 4mm
and has subgroups of index 1, 2, 4 and 8. Since we want a
6-coloring of P4 where the coloring of each motif is non-
trivial, then the only choice for L are the subgroups of index 2
and 4. Since we want StabKðx1Þ  L and StabKðx2Þ  L, then
the subgroup L = f1id; 2 12 ;0;m½10 0;0;m½12 12 ;0g ffi 2mm where
½K : L = 2 is the only suitable choice. In L, 2 12 ;0 is a 180
rotation about the coordinates 12 ; 0.
We now consider subgroups J  G of index 6. From the list
of subgroups of index 6 in G generated by GAP, the only
possible choice for J is J = h2 0;0;m½10 0;0; z1ð1; 0Þ; z22ð0; 2Þi ffi
p2mm since this satisfies J \ K =G \ L = f1id; 2 12 ;0; m½10 0;0;
m½12
1
2 ;0g. Note that G \ L = L so
c ¼ jLjjStabðG\LÞðx

1Þj
jG \ LjjStabLðx1Þj
¼ ð4Þð2Þð4Þð2Þ ¼ 1:
Now we form the L-orbit of regions in M and z2Lz
	1
2 -orbit
of regions in z2M, z2ð0; 1Þ =2 J [Fig. 10(d)], the G-orbit of
regions inM and z2M are shown in Fig. 10(c). Since c = 1 and p
= 2 we choose one G-orbit representative from each motif M
and z2M to make up T. We form T = T1 [ T2 where T1 = fx1g,
x1 is the ðG \ LÞ-orbit representative from the L-orbit of
regions in M colored black, and T2 = fx2g, x2 is the
ðG \ z2Lz	12 Þ-orbit representative from the z2Lz	12 -orbit of
regions in z2M colored gray [Fig. 10(e)]. We infer that the
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Table 1
Subgroups Ji, i ¼ 1; . . . 14 of G ¼ h4þ 0;0;m½10 0;0; z1ð1; 0Þ; z2ð0; 1Þi ffi p4mm, ½G : Ji ¼ 4 satisfying Ji \ K ¼ G \ L ¼ f1idg.
The partition describing the corresponding coordinated coloring is given.
Subgroup Ji of index 4 in
G ¼ h4þ 0;0;m½10 0;0; z1ð1; 0Þ; z2ð0; 1Þi ffi p4mm Type Partition ðJi [ g2Ji [ g3Ji [ g4JiÞT
J1 ¼ hz1ð1; 0Þ; z2ð0; 1Þ;m½100; 0i p1m1 ðJ1 [ ð4þ0; 0ÞJ1 [ ð20; 0ÞJ1 [ ð4	0; 0ÞJ1ÞT
J2 ¼ hz1ð1; 0Þ; z2ð0; 1Þ; 20; 0i p2 ðJ2 [ ð4þ0; 0ÞJ2 [ ðm½100; 0ÞJ2 [ ðm½110; 0ÞJ2ÞT
J3 ¼ hz1ð1; 0Þ; z22ð0; 2Þ; 20; 0;m½100; 0i p2mm ðJ3 [ ð4þ0; 0ÞJ3 [ z2J3 [ ð4þ12; 12ÞJ3ÞT
J4 ¼ hz1ð1; 0Þ; z22ð0; 2Þ;m½100; 0; 20; 12i p2mg ðJ4 [ ð4þ0; 0ÞJ4 [ z2J4 [ ð4þ12; 12ÞJ4ÞT
J5 ¼ hz1ð1; 0Þ; z22ð0; 2Þ; 20; 0;m½100; 12i p2mg ðJ5 [ ð4þ0; 0ÞJ5 [ z2J5 [ ð4þ12; 12ÞJ5ÞT
J6 ¼ hz1ð1; 0Þ; z22ð0; 2Þ;m½100; 12 ; 20; 12i p2mm ðJ6 [ ð4þ0; 0ÞJ6 [ z2J6 [ ð4þ12; 12ÞJ6ÞT
J7 ¼ hz21ð2; 0Þ; z3ð1; 1Þ; 4þ0; 0i p4 ðJ7 [ ðm½100; 0ÞJ7 [ z1J7 [ ðg½10ð1; 0Þ0; 0ÞJ7ÞT
J8 ¼ hz21ð2; 0Þ; z3ð1; 1Þ; 4þ12; 12i p4 ðJ8 [ ð4þ0; 0ÞJ8 [ ðm½100; 0ÞJ8 [ ðm½110; 0ÞJ8ÞT
J9 ¼ hz21ð2; 0Þ; z3ð1; 1Þ; 20; 0;m½100; 0i c2mm ðJ9 [ ð4þ0; 0ÞJ9 [ z1J9 [ ð4þ 12 ; 12ÞJ9ÞT
J10 ¼ hz21ð2; 0Þ; z3ð1; 1Þ;m½100; 0; 2 12 ; 0i c2mm ðJ10 [ ð4þ0; 0ÞJ10 [ z1J10 [ ð4þ 12 ; 12ÞJ10ÞT
J11 ¼ hz21ð2; 0Þ; z3ð1; 1Þ; 20; 0;m½100; 12i c2mm ðJ11 [ ð4þ0; 0ÞJ11 [ z1J11 [ ð4þ 12 ; 12ÞJ11ÞT
J12 ¼ hz21ð2; 0Þ; z3ð1; 1Þ; 20; 0; g11ð0; 12Þ 12 ; 12i p2gg ðJ12 [ ð4þ0; 0ÞJ12 [ z1J12 [ ð4þ 12 ; 12ÞJ12ÞT
J13 ¼ hz21ð2; 0Þ; z22ð0; 2Þ; 4þ0; 0; g½10ð1; 0Þ12; 12i p4mg ðJ13 [ z1J13 [ z2J13 [ ðz3ð1; 1ÞÞJ13ÞT
J14 ¼ hz21ð2; 0Þ; z22ð0; 2Þ; 4þ 12 ; 12; 4	12; 12 ;m½1012; 12i p4mm ðJ14 [ z1J14 [ z2J14 [ ðz3ð1; 1ÞÞJ14ÞT
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Figure 9
Coordinated 4-colorings of P3. where each motif is given two colors.
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choice of J is suitable since StabGðx1Þ = f1id;m½10 0;0g  J and
StabGðx2Þ = f1id;m½12 0;0g  J. Consider f1id; 6þ 0;0; 3þ 0;0;
z2ð0; 1Þ; 6þ 1;0; 3þ 12;12g, a complete set of left coset repre-
sentatives of J inG; 6þ 0;0 and 6þ 1;0 are 60 counterclockwise
rotations about the coordinates 0,0 and 1;0, respectively,
3þ 0;0 and 3þ 12;
1
2 are 120
 counterclockwise rotations about the
coordinates 0,0 and 12;
1
2, respectively, and z2ð0; 1Þ is a trans-
lation with vector (0, 1). Form the partition P = JT [
ð6þ 0;0ÞJT [ ð3þ 0;0ÞJT [ z2JT [ ð6þ 1;0ÞJT [ ð3þ 12;12ÞJT
where the colors blue, yellow, red, green, pink and violet are
assigned to the sets JT, ð6þ 0;0ÞJT, ð3þ 0;0ÞJT, z2JT,
ð6þ 1;0ÞJT and ð3þ 12;12ÞJT, respectively. We obtain the coordi-
nated 6-coloring shown in Fig. 10(f).
Suppose we use another set T 0 of G-orbit representatives
still coming from each motifM and z2M. We form T
0 = T 01 [ T 02
where T 01 = fx01g, x01 is the ðG \ LÞ-orbit representative from
the L-orbit of regions inM colored gray, and T 02 = fx02g, x02 is the
ðG \ z2Lz	12 Þ-orbit representative from the z2Lz	12 -orbit of
regions in z2M colored black [Fig. 10(e)]. The same choice of J
= h2 0;0;m½10 0;0; z1ð1; 0Þ; z22ð0; 2Þi ffi p2mm is suitable since
StabGðx01Þ = f1id;m½010 12 ;0g  J and StabGðx02Þ = f1id;m½10 0;1g
 J. Consider f1id; 6þ 0;0; 3þ 0;0; z2ð0; 1Þ; 6þ 1;0; 3þ 12;12g
a complete set of left coset representatives of J in G. Repla-
cing T with T 0 in the partition P above, and using the same
assignment of colors, we obtain the coordinated 6-coloring
shown in Fig. 10(g).
The two coordinated 6-colorings of P4 are equivalent
colorings. Observe that if we replace the respective colors
blue, yellow, red, green, pink and violet in the coloring in Fig.
10(f) with the colors green, pink, violet, blue, yellow and red
we obtain the coloring in Fig. 10(g).
7. Chromatic, partial chromatic and achromatic
operations
In this section we discuss chromatic, partially chromatic or
achromatic properties of symmetries or partial operations of a
coordinated coloring of a symmetrical pattern. Given a
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Figure 10
(a) A plane crystallographic pattern P4 with global symmetry group G = h6þ 0;0; m½10 0;0; z1ð1; 0Þ; z2ð0; 1Þi ffi p6mm and symmetry group of the motif
gM (g 2 G) given by gKg	1 ffi 4mm. (b) The two G-orbits of regions: X1 (dotted) and X2 (stripes). (c) The G-orbits of regions inM and z2M. (d) The L-
orbits of regions inM and z2Lz
	1
2 -orbits of regions in z2M. (e) The ðG \ LÞ-orbit representative x1 from the L-orbit of regions inM colored black and the
ðG \ z2Lz	12 Þ-orbit representative x2 from the z2Lz	12 -orbit of regions in z2M colored gray. Coordinated 6-colorings of P4 where each motif is given two
colors using (f) T ¼ fx1; x2g and (g) T 0 ¼ fx01; x02g.
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symmetrical pattern P consisting of disjoint congruent motifs,
an isometry of E2 that sends one motif to another we will call a
partial operation on P (Sadanaga et al., 1980). This isometry
may not be a global or local symmetry of P. The set of partial
operations sending a motif to another form a chromatic
groupoid, with the operation inherited from Isom ðE2Þ.
In a coordinated coloring of P, a global symmetry, a local
symmetry or a partial operation can have the property that it is
chromatic (it exchanges or moves a number of colors without
leaving fixed any color), partially chromatic (it leaves fixed one
or more colors but not all colors) or achromatic (all colors are
left fixed).
If the coloring of P or its motif gM has two colors thenG or
gKg	1, respectively, is a dichromatic symmetry group. When-
ever the movement of a symmetry or partial operation is
accompanied by a change in color then we add to its corre-
sponding symbol a ‘prime’ ð0Þ. For a translation, the direction
in which the change of colors occurs is indicated where
necessary by a suffix.
For a n-coloring of P or gM where n> 2, then G or gKg	1,
respectively, is a polychromatic symmetry group. In poly-
chromatic symmetry groups, a symmetry or operation may
move n1 colors one step along a sequence, or two steps, or
more. Its corresponding symbol is then denoted with a
superscript ðn1Þ. This is the case when we have the transfor-
mation sending color C1 to C2, C2 to C3, . . . ;Cn1 back to C1. A
symmetry or operation that has partial chromaticity will be
denoted with a superscript ðn1; n2Þ, where the symmetry or
operation moves n1 colors and fixes n2 colors. Here n1, n2  n.
An outer superscript (n) will be used to denote the number of
colors in the n-coloring. The notations for dichromatic and
polychromatic symmetry groups are adapted from the work of
Van der Warden & Burckhardt (1961).
Even if coordinated colorings are perfect colorings where
the motifs are perfectly colored as well, it can be shown in the
discussion that follows that these can have different chroma-
ticity properties.
First, we consider the coordinated coloring of P1 given in
Fig. 3 which has the following properties. The local chromatic
symmetries of M exchanging blue and red are 40þ, 40	, m0½11
and m0½11. On the other hand, the local achromatic symmetries
of M fixing the colors blue and red are 2, m½10 and m½01. The
dichromatic group of M is 40mm0: we have a 90 rotation and
two reflections that change colors, while two reflections fix
colors. The dichromatic group of each of the other motifs in P1
is also 40mm0.
Global symmetries in P1 can be characterized as: zð4Þð1; 0Þ
(chromatic) sending blue to yellow, yellow to red, red to green
and green to blue; 2ð2;2Þ 0,0 and mð2;2Þ½01 0,0 (partially chromatic)
exchanging yellow and green, and fixing the colors red and
blue; and m½10 (achromatic) fixing all the colors. The
4-coloring of the frieze pattern is described by the group
½pð4Þ2ð2;2Þmð2;2Þmð4Þ.
The chromatic partial operations that map M to zM are
characterized as follows (see Fig. 11). Sending blue to yellow
as well as red to green are zð2Þð1; 0Þ; 2ð2Þ 12 ; 0; mð2Þ½01 12 ; 0 and
g
ð2Þ
½01ð1; 0Þ [glide reflection with axis the horizontal line passing
through 0,0 and with glide vector (1, 0)]. On the other hand,
sending blue to green and red to yellow are 4ð2Þþ 12 ;
1
2, 4
ð2Þ	 1
2 ;
1
2,
g
ð2Þ
½11ð12 ; 12Þ 12 ; 0 [glide reflection with axis the line passing
through 12 ; 0 and with glide vector ð12 ; 12Þ] and gð2Þ½11ð12 ; 12Þ 12 ; 0
[glide reflection with axis the line passing through 12 ; 0
and with glide vector ð12 ; 12Þ].
On the other hand, the chromatic partial operations that
map M to z2M interchanging blue and red are ðz2Þð2Þð2; 0Þ, 2ð2Þ
1, 0, m
ð2Þ
½01 1, 0, g
ð2Þ
½10ð2; 0Þ. The achromatic partial operations are
4þ 1;1; 4	 1;1 g½11ð1; 1Þ 1;0 and g½11ð1; 1Þ 1;0 (Fig. 11).
For the chromatic partial opations that map M to z3M we
have the following (Fig. 11): the partial operations ðz3Þð2Þð3; 0Þ,
2ð2Þ 32 ; 0, m
ð2Þ
½01
3
2 ; 0 and g
ð2Þ
½10ð3; 0Þ sending blue to green, and red
to yellow; and the partial operations 4ð2Þþ 32 ;
3
2, 4
ð2Þ	 3
2 ;
3
2,
g
ð2Þ
½11ð32 ; 32Þ 32 ; 0 and gð2Þ½11ð32 ; 32Þ 32 ; 0 sending blue to yellow, and red
to green.
We can characterize the other partial operations that map
M and zaM, where a is an integer, in a similar manner as
above.
Note that among the generators of the group
½pð4Þ2ð2;2Þmð2;2Þmð4Þ of the coloring shown in Figs. 3 and 11, only
the translation has a chromatic property. The partial opera-
tions, however, as discussed above are chromatic. This is an
example where partial operations that make up a groupoid
have interesting chromaticity properties.
As a second example we consider the coordinated coloring
of P1 in Fig. 5. Each motif has polychromatic group
½4ð4Þmð2Þmð2;2Þð4Þ. Chromatic local symmetries of M are 4ð4Þþ
and 4ð4Þ	, each moving four colors in a cycle: mð2Þ½10 exchanging
blue and yellow, as well as red and green;m
ð2Þ
½01 exchanging blue
and green, and also yellow and red. The partial chromatic local
symmetries include m
ð2;2Þ
½11 fixing blue and red and exchanging
yellow and green, and m
ð2;2Þ
½11 fixing yellow and green and
exanging blue and red.
The coloring of the frieze pattern in Fig. 5 is described by
the group ½pð2Þ2ð2Þmð2Þmð2Þð4Þ. Chromatic global symmetries are
characterized as follows, exchanging pairs of colors: zð2Þð1; 0Þ
exchanging blue and yellow, as well as yellow to red; 2ð2Þ 0,0
exchanging blue and red, as well as yellow and green; m
ð2Þ
½01 0,0
exchanging blue and green, as well as yellow and red; andm
ð2Þ
½10
0,0 exchanging blue and yellow, as well as green and red. The
coloring also has achromatic global symmetries. Examples
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Figure 11
Partial operations relating M to zM, M to z2M and M to z3M.
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include the translation z2ð2; 0Þ and the glide reflection
g½10ð1; 0Þ.
Here we give one set of chromatic partial operations that
map M to zM (see Fig. 12). These are: zð2Þð1; 0Þ exchanging
blue and yellow, as well as green and red; 2ð2Þ 12 ; 0
exchanging blue and green, as well as red and yellow; m
ð2Þ
½01
1
2 ; 0
exchanging blue and red, as well as yellow and green;
g
ð4Þ
½11ð12 ; 12Þ 12 ; 0 sending blue to yellow, yellow to red, red to green
and green to blue; and g
ð4Þ
½11ð12 ; 12Þ; 12 ; 0 sending blue to green,
green to red, red to yellow and yellow to blue. The partially
achromatic operations are described as follows: 4ð2;2Þþ 12 ;
1
2
fixing green and yellow, exchanging red and blue; 4ð2;2Þ	 12 ;
1
2
fixing blue and red, exchanging yellow and green. The glide
reflection g½10ð1; 0Þ fixes all colors.
Finally, we consider the coordinated 4-colorings of P3
presented in Fig. 9. These are all perfect colorings but they
have different chromaticity properties. The colorings can be
described by one of the following polychromatic groups:
½p4ð4Þmð2;2Þmð2Þð4Þ, ½p4ð2Þmð2Þmð2Þð4Þ, ½pð2;2Þ½01 4ð4Þ mð2;2Þmð2Þð4Þ,
½pð2Þ½014ð2Þmð2Þmð2Þð4Þ, ½pð2Þ½014ð4Þmð2;2Þmð2Þð4Þ, ½pð2Þ½014ð4Þmð2Þmð2Þð4Þ.
To illustrate, the coordinated 4-coloring of P3 in Fig. 9(1) is
described by the group ½p4ð4Þmð2;2Þmð2Þð4Þ. All translation
symmetries fix the colors. The group elements include 4ð4Þþ 0;0
(chromatic) sending blue to yellow, yellow to red, red to green,
and green to blue, m
ð2;2Þ
½01 0;0 (partially chromatic) fixing yellow
and green, exchanging blue and red, and m
ð2Þ
½11 0;0 (partially
chromatic) exchanging yellow and blue, as well as red and
green.
On the other hand, the coordinated coloring in Fig. 9(2) is
described by the group ½p4ð2Þmð2Þmð2Þð4Þ. As in the coloring
described in the preceding paragraph, all translation symme-
tries fix the colors. The reflection m
ð2Þ
½01 0;0 is chromatic,
exchanging blue and red, as well as yellow and green, and the
reflection m
ð2Þ
½11 0;0 is also chromatic, exchanging blue and
green, as well as yellow and red. The rotation 4ð2Þþ 0,0 is also
chromatic, exchanging blue and yellow, as well as red and
green.
Consider the coordinated coloring in Fig. 9(6). It is
described by the polychromatic group ½pð2;2Þ½01 4ð4Þmð2;2Þmð2Þð4Þ.
The translation z2ð0; 1Þ (partially chromatic) fixes green and
yellow, and exchanges blue and red. Thus the polychromatic
group has suffix p
ð2;2Þ
½01 where the subscript [01] denotes the
direction of the translation in consideration. The global
symmetries 4ð4Þþ 0,0 (chromatic) send blue to yellow, yellow to
red, red to green, and green to blue; m
ð2;2Þ
½01 0;0 (partially
chromatic) fixes yellow and green, and exchanges blue and
red; and m
ð2Þ
½11 0;0 (chromatic) exchanges blue and green, as
well as yellow and red.
The polychromatic groups of the other colorings can be
described in the same manner as the groups discussed above.
Every motif in each coordinated coloring has dichromatic
group 5m0, that is, in a 2-coloring of a motif the fivefold
rotational symmetry fixes the colors and the reflections
exchange the two colors.
8. Conclusions and recommendation
The main contribution of this study to the existing theories of
color symmetry is the development of a systematic method to
arrive at coordinated colorings of symmetrical patterns. To
arrive at a coordinated coloring of a symmetrical pattern P
consisting of disjoint congruent symmetric motifs, we take into
account the global and local color symmetries of P, the tran-
sitive action of the global symmetryG on the set of colors used
in the overall pattern, and the transitive action of the
symmetry group gKg	1 of the motif on its colors. Moreover,
for the elements of G that act as global and local color
symmetries, a consistency of the color permutations is
required. The development of the framework for a coordi-
nated coloring required an understanding of the concepts of
perfect colorings and their transitivity properties, both on the
global and local scale. The results of our study point out that
obtaining a coordinated coloring relies on orbit and stabilizer
conditions that come with the right choices of the (i) subgroup
J of G that will result in a partition describing the perfect
coloring of the symmetrical pattern, (ii) subgroup L of gKg	1
that will give a perfect coloring of the motif gM and (iii)
relation of J and L to ensure coordination between the color
symmetries of the colorings described in (i) and (ii). As
pointed out by Senechal (1988) in the well-written paper on
color symmetry, the problem of the classification of repeating
colored symmetrical patterns is a subgroup problem, as much
work entails the knowledge of the subgroup structure of plane
crystallographic groups and frieze groups, and the relations of
these subgroups. This work points to this fact as well.
As a next step in the study, we would like to propose a
method for obtaining coordinated colorings of a symmetrical
pattern P containing more than one transitivity class of motifs
under the symmetry group of P. Consequently, there will be
more than one local symmetry group type in P. Another
possible extension of this work would be to look at coordi-
nated colorings of non-Euclidean patterns and three-
dimensional symmetrical structures.
We also propose an in-depth and detailed characterization
of chromatic groupoids in the study of coordinated colorings.
Another aspect that could be studied in relation to coor-
dinated colorings is the determination of a list of types of
three- and two-dimensional crystallographic groups and frieze
groups that act as a global symmetry group, together with the
possible local symmetry group types of the motifs, including
744 Agatha Kristel Abila et al.  Local and global color symmetries Acta Cryst. (2019). A75, 730–745
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Partial operations relating M to zM.
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non-identity stabilizer subgroups of the fundamental designs.
For example, in the frieze pattern P1 of Fig. 3, we have
G ffi p2mm, L ffi 2mm and StabGðxÞ ffi m. In the plane pattern
P4, we have G ffi p6mm, L ffi 2mm and StabGðxÞ ffi m where x
is a region in the pattern.
Another interesting object of study will be to look at global
and local color symmetries in cultural artifacts, following
studies on color symmetries in culture in an area called Sulu
(see e.g. De Las Pen˜as et al., 2018). It is suggested one starts
with cultural artworks that are rich in global and local
symmetries. The scarf from the Tausugs of Jolo, Sulu (De Las
Pen˜as et al., 2018) is an example of a cultural artwork that
depicts the presence of global and local symmetries and color
symmetries. In fact, Gru¨nbaum (2002) talks about various
levels of orderliness, and global and local symmetry. He
proposes that the study of different kinds of orderly structures
may lead to a better understanding of designs and art in
various ancient and modern cultures.
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